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Abstract

The equilibrium LHC beamdistribution at largeampli-
tudesis acrucialinput to thecollimationandmachinepro-
tectiondesign,aswell as to backgroundstudies. Its esti-
mationrequiresaknowledgeof thediffusionratesatwhich
beamparticlesaretransportedto largetransverseor longi-
tudinal amplitudes.Importantknown mechanismsof par-
ticle diffusionincludeTouschekscattering,synchrotronra-
diation, intrabeamscattering(IBS), the nonlinearmotion
dueto the long-range(LR) beam-beam(BB) collisionsat
top energy, persistent-currentfield errorsduring injection
andat thestartof acceleration,andCoulombscatteringoff
theresidualgas.We summarizetheexpectedcontributions
from differentsources,introduceadiffusionmodel,andil-
lustratetheevolutionof thebeamdistributionat 7 TeV.

1 INTRABEAM SCATTERING

The transverseparticlepositionat location � is related
to theactionvariable

�
via ��� ���	� ��
 �	�
����� � ��
 , where� � ��
 denotesthebetatronphase,and�	� ��
 thebetafunction.

Theaverageactionequalsthermsbeamemittance� ��� �� . We estimatetheactiondrift dueto IBS as
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using !8"9$ � � �;:�< hr (at7 TeV with 16MV rf voltage)and= ���>� � �@?A(#B-)DC m, andthe associateddiffusioncoefficient
as
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At injection,  !#"%$ � � �M<N< hr, and
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2 GAS SCATTERING

Thediffusiondueto Coulombscatteringoff theresidual
gasis describedby
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where� is theaveragebetafunction(about100m),
c � the

radiationlengthof thegasand
_

its density.
The LHC ‘design gasdensity’ is derived for a 100 hr

lifetime due to nuclearinteractions[1]. Consideras an
example an d W density of &-, 0K2 moleculesper me [1].
With

c � �fO/&-,Jg>hi4 . W , at 7 TeV one finds
EDRTS � � 
 �Oj*k&Z, .103l � 4 � .50 6 smallerthanthediffusionexpectedfrom

IBS by a factorof 5. Thecorrespondingemittancelifetime

is 500hrs. If weconsiderinsteadmon (
c � �p?�O � g>hq4 . W )

at a densityof &�( ?+*r&-, 0Ks m . e , alsocompatiblewith the
100hr beamlifetime, weget
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 � � *\&-, .1032 � 4 � .50
or anemittancelifetime of 150hr. At injectionenergy this
would decreaseto 40 minutes.Fortunately, this mon pres-
sureis consideredasunlikely to occurin theLHC [1].

3 LONG-RANGE BEAM BEAM

The dominantdiffusionmechanismat large amplitudes
is theeffect of thelong-rangecollisions.At 7 TeV thetwo
beamsareseparatedby about9.5t during u5vxwzy	� ?�, long-
rangeencountersaroundeachof the two main interaction
points(IPs).

(σx,y)

Figure1: Changeof actionvarianceper turn vs. startam-
plitude � SK{ wTy { ( �}| SK{ wTy { ) in unitsof rmsbeamsizefor two
IPs[2].

As anexample,Fig. 1 illustratesthediffusionratecom-
putedby a weak-strongbeam-beamsimulationsasa func-
tion of amplitude. Note that a ‘1’ on the vertical axis
refers to

� � W H ��� �~? *�&Z, .50K2 4 W H
� or to
� � �

� ( ?j4�4��8� ��� �'& � at ��� &Z,N, m.
Thereis aclearthreshold(‘dif fusiveaperture’)atanam-

plitudeof aboutO t ��� � . Beyondthis aperture,themotionis
stronglychaoticandthediffusionherecanbedescribedby
theanalyticalexpression[3]
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� y3��� � &N& kHz (revolution frequency),
U-� �?�,N,�C rad (crossingangle), �i�+� &�(#&J*�&-, 0z0 , u v
wTy � ?�,

(considering1 IP), ��� � &�( )¡*;&Z, .50K¢ m, = �£BZ<NO/& . At
smallamplitudesthemotionis regular, andin this casethe



estimateddiffusion coefficient (4) can be regardedas an
upperbound.

4 DIFFUSION MODEL

We approximatethe evolution of the beamdistribution� � � 
 by a diffusionequation
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Furtherwe assumethatbelow 6t (
�GH � � &Z¥ ) thediffusion

coefficient is dominatedby intrabeamscattering,approxi-
matedby Eq. (2), andthat, if the secondbeamis present,
above O t it is due to long-rangecollision, anddescribed
by Eq. (4). The changein

E � � 
 � E§¦z¨�© � � 
 � E � yZ� � 
 is
discontinuous.The diffusion coefficient so obtainedis il-
lustratedin Fig. 2.

Figure 2: Model diffusion coefficient vs. normalizedac-
tion, representingthecombinedeffectof intrabeamscatter-
ing andlong-rangecollisions.

The primary collimatorsmay be representedby an ab-
sorbingboundary, if we neglect there-scatteringprobabil-
ity of about1%.

5 TIME EVOLUTION

We assumethat theclosestcollimator is locatedat 7 t .
For

� � , we choosea reflectingboundary. The initial
beamdistribution is taken to be exponentialin the action
variableof the form [
ª¬« � � �GH � 
 (here � is the rms emit-
tance).We integrateEq. (5) in time, following a procedure
similar to thatdescribedin [4].

Figure3 shows the total numberof protonslost on the
collimatorsasa functionof time. Most of thediffusion is
dueto intrabeamscattering.It takesabout60 hoursbefore
particlesaretransferrednearthe diffusive aperture.After
90 hoursthelong-rangecollisionsincreasethetotal losses
by about30%.

The effect of the long-rangecollisions becomesmuch
morepronounced,if we increasethecorediffusionrate.A
factorof abouttwo increasein the diffusion ratemay be
expectedfrom gasscattering,if the mon moleculardensity
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Figure3: Fractionof protonslostvs.time in hrswith intra-
beamscatteringonly (lower curve) andif diffusiondueto
long-rangebeam-beamforcesis alsoincluded(topcurve).

is &�( ?q*k&-, 0Ks m . e . As amorepessimisticscenario,wecon-
sidera factor30 increasein thecorediffusionrate. In this
case,with or without long-rangecollisions,after roughly
6 hoursthe emittanceis 3 times larger thanat the begin-
ning. Fromthatmomenton a muchhigherparticledensity
is incident on the collimator. With long-rangecollisions
present,after 16 hr 10% of the beamhasbeenlost on the
collimators,which is abouttwo timesmore thanwithout
thelong-rangecollisions.However, radiationdampingat7
TeV, not includedin themodel,will reducethelosses.

Figure4 displaysthebeamdistribution at varioustimes
during the storefor the nominalconfigurationandfor the
30 times larger corediffusion rate, respectively. The left
picturesrepresenttheeffect of intrabeamor gasscattering
alone,the right picture includesthe long-rangecollisons.
Thelatterclearlydepletethebeamhaloat largeamplitudes.
Thesedistributionsprovideinformationonthebeamlossat
thecollimatorsin caseof orbit motion.
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Figure 4: Density distributions at various times without
(left) and with (right) diffusion due to long-rangebeam-
beamforces,for the nominalcase(top) andfor enhanced
corediffusion(bottom).



6 CHAOTIC DIFFUSION AT 450 GEV

Also at injection,thelong-rangecollisionsinducediffu-
sion. Sinceherethe beamsareseparatedfurther (by 12–
14t ) the diffusive apertureis found at a larger amplitude
(in unitsof t ) thanat7 TeV. Thenonlinearfieldsof thesu-
perconductingmagnetsintroduceadditionalnonlinearities.
Wehavesimulatedthediffusiondueto thecombinedeffect
of field errorsandLR-BB usingtheSixTrackcode.For 60
error randomseeds,we have tracked groupsof 60 parti-
cleslaunchedatdifferentstartingamplitudes,with slightly
differentinitial conditions,andcomputedtheevolution of
actionspreadandthemaximumamplitudegrowth in each
group. Resultsfor theworst randomseedaredisplayedin
Fig. 5. We show therisein amplitudein theleft partof the
figure. Besidesa very steepamplitudeincreaseat ampli-
tudeslargerthan &-, t thereis alsoaconsiderableamplitude
increaseandparticlelossat B t . It is interestingto notethat
theselossescomefrom particlesin smallchaoticnestslo-
catedwithin otherwisestableregionsandthat this effect is
much enhancedwhen the long-rangecollisions are taken
into account.Correspondingly(right partof thefigure),the
diffusion ratesarelargein the regionswith amplituderise
andthereis no diffusionin thestableregime.
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Figure 5: Simulated amplitude increaseand diffusion
vs. startingamplitude,at 450 GeV, illustrating the effect
of long-rangebeam-beamforcesandfield errors.

7 TOUSCHEK SCATTERING

Touschekscatteringis a longitudinal loss mechanism
which can createa significant componentof uncaptured
‘coasting’beam.TheTouschekscatteringrateis described
by [5] ­��i� H ­ � � �D® � W� 6 giving rise to a coastingbeam
componentof �j¯�° w S3{ � ® � � � H � & �;® � � � 
 � � . For round
beams,thecoefficient

®
equals[6]
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where ��� ( � &�( )Ä*�&-, .50K¢ m), ´ � ¥ ³ eZÁ
W t � t � t¬Å , µ �

� �VÆ H Æ 
3Ç wTÈ , ·�¸ � = t � H � � .

The nominal LHC design[7] foreseestwo rf systems
with total voltagesand harmonicnumbersequal to É´ y3Ê � 0
( Ër� ?�)NO�<�, ) = 750 kV (16000kV), É´ y3Ê � W ( Ër� &�B-¥ � , ) =
3000kV (0 kV) wherethe first numbersrefer to injection
andthevaluesin parenthesesto top energy.

This yields[8]
® y3± �r)9( ,�*+&-, .50KÌ � .10 at injection,and® yK± � � ( ,j*§&-, .50KÌ � .50 at7 TeV. Thesenumbershavebeen

confirmed[8] usingthemoregeneralformulaby Piwinski
[9], whichappliesto beamsof arbitraryaspectratio.

A coastingbeamcomponentis producedat rateperpro-
tonof &�( ¥o*�&Z, .�s hr .50 (inj.) and¥D*�&Z, .�2 hr .50 (at7 TeV).
Particlesoutsideof the rf bucket loseenergy due to syn-
chrotronradiationat a rate ­ · H ­ � � � � ( ¥`*Í&-, .%Ì � .50 at
injection, and ­ · H ­ � � � &�( ,\*;&Z, .�2 � .10 at top energy.
Sincethe energy apertureprovided by the collimators is?9( :�*V&-, . e [10], ascatteredprotonis lostafter  � ° S3S �;?�:N,
hrs (injection) or  � ° S3S �ÎO9( ) minutes(at 7 TeV), andat
7 TeV we expecta steady-statecoastingbeamfraction of® yK± � �- � ° S3S ��&Z, .�2 .

8 CONCLUSIONS

After storingthebeamfor 1 hourat injectiona fraction
of � *�&-, .%s of the beamis outsideof the rf bucket due
to Touschekscattering. In collision, the Touschekeffect
leadsto a protonlossrateof &-, .%s hr .10 , andto a steady
coasting-beamcomponentof about &Z, .�2 .

Beyondthetransversediffusiveapertureof about6 t , in-
ducedby theLR-BB interaction,particlesarelost rapidly.
A transversediffusionmodelpredictsthe lossrateandthe
time evolution of the transversebeamdistribution caused
by the combinedaction of IBS, gas scatteringand LR
beam-beam.The resultsof a numericalsolution indicate
how theLR collisionsaffect theshapeof thebeamhalo.

Finally, an investigationof thediffusionat injection in-
cludedthe effectsof LR encountersandmagnetfield er-
rors. In this case,thereis no clear borderbetweenreg-
ular andunstableregionsof phasespace,andparticlesin
chaotic‘nests’canbelost rapidly. Modelling this situation
will requirean extensionof the diffusionmodelto higher
dimensions.
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